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Abstract
This paper is a combination of the discussion of two nineteenth century theoretical giants
Lars Onsager and C. M. Sliepcevich, their works in general, and specifically the famous
reciprocal relations of Onsager with respect to irreversible thermodynamics. Emphasis is
placed on their penetrating depth and breadth of analysis so inherently necessary in their
problem-solving endeavors. The landscape of their work will be laid out for the reader
by a comparison of Onsager’s microscopic statistical mechanics derivation of the famous
reciprocal relationships and a macroscopic thermodynamic derivation published by C. M.
Sliepsevich that led to considerable discussion in the literature in the 1960’s. Some
labelled this discussion a controversy; this paper builds the case that the two derivations
are complimentary and supportive of each other.
Also, the reader is challenged to decide; were they mathematicians, chemists, physicists,
engineers, or thermodynamicists? Whatever their discipline the twenty-first century
needs theoreticians such as their likes.
This author acknowledges from the outset that little theoretical originality on his part is
presented herein unless it is in the unique way in which the comparison of the two
derivations is presented
The second part of the combination is n of and his graduate students (Sliecevich and
Finn, 1963 and Sliepcevich et. al., 1966)
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The Men
Every now and then someone who is truly unique and unusual comes along. Lars
Onsager and C. M. Sliecevich were both that type people. They were
scientists/mathematicians/engineers to the extent one might paraphrase and twist the old
adage, "jacks of all trades and master of all." Their diverse interest and the broad
conceptual scope of their intellect set them apart. The twentieth century was one of
tremendous innovative development, and both men spent their productive lives in the first
three quarters of the twentieth century. They were independent thinkers and not easily
persuaded by "conventional wisdom." If they could not get their minds around
something they would quickly develop their own opinion from basic principles. This
sometimes resulted in creating controversy that rarely, but sometimes, became bitter to
the point of ruining relationships. They were theoreticians rather than experimentalists,
yet almost all of their work found direct application to practical problems that led to
technological advances. They were, in the final analysis, simply problem solvers.
In spite of their immense intellectual abilities and productive careers, neither man was a
recluse. They were open, friendly, and well-rounded. They married and had normal lives
outside their work though clearly driven by their work. Each had legendary senses of
humor, yet on a higher plane than most. For example, Onsager once remarked in a
lecture, that “dielectric theory has more holes in it than a gamma function has poles”
(Hemmer, Holden, & Ratkje, 1996).

Lars Onsager the Man
Lars Onsager was born on November 27, 1903, in Oslo, Norway. His father was a
lawyer and his family had steel industry ties. He was studious from the beginning and
obviously highly intelligent. Having been allowed to skip at least one grade in what
would be called secondary school, he entered the Norges Tekniske Hoiskole (Norwegian
Institute of Technology), Trondheim, Norway, at the young age of 16. The author of this
manuscript is pleased to report that he chose chemical engineering as his first course of
study and received his degree in 1925. His intellectual capabilities far exceed those of a
normal graduate, primarily a result of both his independent mind and his insatiable desire
to learn on his own. Even before he had entered NIT (no pun intended) he purchased a
copy of the classic mathematics textbook Modern Analysis by Whittaker and Watson
(1927) and honed his mathematics skills to a level of excellence that served him well
throughout his professional career. Throughout his career he always insisted on rigorous
mathematical treatment in all of his publications. This trait impacted his future
publications in two ways: (1) sometimes he would delay a publication for over a year
because he was not satisfied with the mathematical rigor; (2) other times he would
publish results without the mathematical proof and then publish the proof much later.
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This leads one to ask the first of several questions about the man and his work. His
degree was in chemical engineering, but was he an engineer or was he a mathematician?
During his undergraduate studies Onsager first developed his interest in the theory of
electrolyte solutions, first published by the Swiss physicists Peter Debye and Erich
Huckel of Zurich University (Debye & Huckel, 1923). As the result of this interest,
Onsager traveled to Zurich, Switzerland, on his own, and apparently uninvited, to discuss
the theory. He so impressed Debye that he was invited to join the work, and for the next
two years, from 1926-1928, he published significant papers, mostly in physics journals,
laying the foundation for his work in electrolyte theory that continued throughout his
entire professional life. In 1928 Onsager accepted the position of Associate in Chemistry
at John Hopkins University, Baltimore, Maryland. This was his first experience at
teaching undergraduate courses in chemistry, and the results were disastrous. He was
generous with his time towards the students but he was unable to communicate with them
on their level. It is not clear whether he was asked to leave or whether he chose to leave,
but at any rate, after the initial year at John Hopkins, he moved to the position of research
instructor at the Chemistry Department of Brown University. This leads to the second
question concerning the man and his work. Was he a theoretical physicist or a chemist?
While at Brown University for three years, two very significant events occurred.
Through the teaching of a statistical mechanics thermodynamics course at Brown
University he became interested in irreversible thermodynamics and the concept of
"microscopic reversibility." Secondly, he encountered a young student by the name of
Ray Floss, who took his PhD work under the direction of Onsager. This event led to a
productive collaboration between the two of them in which they jointly published
numerous papers over the next 35 years. The former event, his interest in
thermodynamics and its high level of mathematics, led to the publishing of the work of
interest of this paper. His twin publications on the reciprocal relations of
phenomenological coefficients describing transport rates occurring during irreversible
thermodynamic processes are now very famous. The collected works of Onsager
(Hemmer, Holden, & Ratkje, 1996) describe numerous publications involving
thermodynamic related topics including his work on the Ising model for predicting
critical temperature behavior. Thus, this leads to a third question about the man and his
work. Was he really a thermodynamicist at heart?
In 1933, after having married during his last summer at Brown University, Lars Onsager
accepted the position of Sterling and Gibbs Fellow at Yale University. Both he and Yale
officials realized immediately that he needed to obtain a PhD, and even though his work
on reciprocal relations was submitted to NIT and should have sufficed, it was rejected
pending additional literature review. He was given one year to accomplish this, but
instead he prepared a mathematical dissertation entitled Solutions of the Mathieu
Equation of Period 4  and Certain Related Functions (Onsager, 1935). This work was
accepted at Yale and the PhD awarded in chemistry after the work was favorably
reviewed by the mathematics department. Lars Onsager remained at Yale University,
publishing extensively in the fields of chemistry, physics, mathematics, and
thermodynamics until 1972 when he reluctantly retired and moved to a part-time position
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at Miami University, Corals Gabel, Florida. He was awarded the 1968 Nobel Prize in
Chemistry, having been nominated by the chemistry department at Cornell University
(Hemmer, Holden, & Ratkje, 1996). He died suddenly in 1976 having just returned from
a technical meeting.

Onsager Reciprocal Relations
Statement of Onsager’s Theorem
Irreversible transport processes such as heat conduction and mass diffusion are
commonly characterized as a linear relationship with rate fluxes proportional to driving
forces or gradients of potentials known as affinities. The proportionality constants are
known as phenomenological coefficients. If two or more affinities exist, the fluxes are
assumed to be homogeneous functions of all affinities. Thus,

Ji

n



 LikXk

(1)

k 1

The phenomenological coefficients are dependent only on the local values of the
intensive properties of the system. If i=k the coefficients are “ordinary” coefficients, and
if i  k they are referred to as “interference or cross” coefficients. For a system
undergoing two simultaneous fluxes, the solution of linear equations describing the
system may be represented by the following matrix notation:
 L11

 L21

L12  X 1

L22  X 2





(2)

Numerous authors, including Onsager himself (Onsager, 1931; Brown, 1938; Prigogine,
1962; and Sliepcevich & Finn, 1963), have concluded that it is a basic postulate of
irreversible thermodynamics that the rate of entropy production serves as an overriding
driving force for irreversible processes and may be described as:
n

SP   JiXi

(3)

i 1

If the “proper” choice of the conjugate J’s and X’s are chosen such to satisfy equation 3,
then the theorem known as Onsager’s reciprocal relations simply states that the matrix in
equation 2 is symmetric, that is, L12 = L21. Another way of saying this is that the cross
coefficients are equal. This has been observed to be true experimentally in a number of
physical systems undergoing simultaneous fluxes (Fitts, 1962). The use of the word
"proper" is significant and has led to controversy as discussed later in this paper.
Onsager points out in his original work on this subject (Onsager, 1931) that the reciprocal
relationship mentioned above is more restrictive than the second law of thermodynamics.
The second law requires only that the rate of entropy production be positive, and thus by
expanding equation (3) for n=2:
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n

Sp   JiXi  J 1 X 1  J 2 X 2  L1,1 J12  ( L12  L2,1 ) J1 J 2  L2,2 J 22  0

(4)

i 1

The coefficients J1 and J2 vanish simultaneous at zero driving forces (X’s=0), so
rearranging algebraically gives a less restrictive relationship between L12 and L21:
L1,2  L2,1  2( L1,1 L2,2 )1/ 2

(5)

De Groot and Mazur (1962) broaden the scope of this last thought by pointing out that
because equation (4) is a quadratic equation in the thermodynamic driving forces (Xi's)
that must be positive "definite." It is therefore a sufficient condition that all the principal
co-factors of the symmetric matrix with elements L12 + L21 are positive. This implies that
all diagonal elements are positive and the off diagonals must satisfy equation (5). This
has been termed "the influence of spatial symmetry on the phenomenological equations."
Onsager’s Microscopic Derivation
Onsager’s derivation is based on microscopic statistical mechanics and the fluctuation
theory of an aged system when disturbed from its equilibrium state. The fluctuation
theory is attributed to Albert Einstein (Einstein, 1910) by numerous authors, including
Onsager (Onsager, 1931; Fowler, 1936; Prigogine, 1962). De Groot and Mazur (1962)
refer to the fluctuation theory as the property of "time reversal invariance" and describe
its influence on the microscopic particles of the disturbed system as requiring them to be
symmetric with respect to time. This means that the particles retrace their former paths if
all velocities are reversed, which would be the case as the system returns to equilibrium.
This application of the fluctuation theory is known as the postulate of "microscopic
reversibility." Consider the description of a thermodynamic state by expressing the
deviations of the characteristic parameters,  i (i.e., local energy, density, etc), from their
equilibrium values by  1,  2,  3, …,  n. These parameters are zero at equilibrium.
Through statistical mechanics (De Groot, 1961; Prigogine, 1965), it can be demonstrated
that the change in entropy, S, is given by:
n

s  1/ 2  gik i k
i , k 1

(6)

Where the gik are always positive and represent the partial derivatives of the S with
respect to the changes in the individual deviations,  i. Entropy must be a maximum at
equilibrium, so S must always be negative.
Numerous authors have presented the microscopic derivation of Onsager's reciprocal
relations in a variety of forms. Perhaps the most rigorous and general derivation is
presented by De Groot and Mazur (1962). The derivation presented here is based on the
work of Frankelstein (1969) and is relatively straightforward. The postulate of
microscopic reversibility may be symbolized by the following equation:
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(9)

  indicate time averages of the  - like parameters defined as
T

 f  t   lim 
T 

1
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(10)

f (t )dt

T

Performing the integration yields the result that

 f (t )   f (t   )

(11)

Which, in turn, yields the fact that

 t 
i

j

indicating that  i and 
(9), we can observe that

 t 
i

 t      i  t    j  t 
j

j

(12)

are symmetric in their indices. Thus, comparing to equation

 t      j  t  i  t   

Then, by making use of the ergodic theorem, one may replace the time average 

(13)



by the

ensemble average   .
  t 
 i

j

 t      j  t  i  t   

(14)

Also, equation (11) could have first been introduced into equation (13) and then
equation (14) would be written as
  t 
 i

j

 t    j  t  i  t  

(15)

The  's relate back to the rate of entropy production and the fluxes, J, through equations
(3) and (6), allowing one to observe that Ji = d  i/dt and that
d  i/dt = 1/   i  t      i  t   . This implies that  is small compared to the
relaxation time required for equilibrium and large compared to the collision time. This
allows equation (15) to be written in the form
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(16)

Equation (16) is the important outcome of microscopic reversibility that is required to
derive Onsager's relations. At this point in the derivation, one must employ the concepts
of microscopic probability and assume a Boltzmann's relationship between entropy and
probability given by S=k ln W. This allows one to multiply equation (1) by  i and, by
taking the expectation values for  i X j  and  j X i  , obtain -kLij = -kLji , which is
Onsager's reciprocal relationships. The expectation value step is not obvious to this
author due to unfamiliarity with microscopic theory.
C. M. Sliepcevich the Man
C. M. “Cheddy” Sliepcevich was born in 1920 at Anacondo, Montana. He attended the
University of Michigan, graduating in 1941 with a degree in Chemical Engineering and
immediately enrolled for graduate work under the renowned thermodynamicist Dr. G. G.
Brown. It was an intense and rewarding relationship, both personally and professionally,
until Dr. Brown’s untimely death in 1957 (Wilkes, 2002). Dr. Sliepcevich accepted the
position of Departmental Chair at the School of Chemical Engineering at Oklahoma
University in 1955. This author began his relationship with him upon entering graduate
school in 1960.
Sliepcevich, like Onsager, had no limit with respect to the range and diversity of research
interests, with many topics relating back to his productive time with Brown. A limited
list of the research interests include: desalinization, auto safety (fire retardant), high
pressure oxidation of methane, retrograde condensation, marine LNG transportation,
robotic control, engineering fundamentals, and, of course, irreversible thermodynamics.
In fact, this author and a fellow graduate student (Frank Wolfe) at Oklahoma University
had a standing bet of one dollar every time one of us found a publication of Dr.
Sliepcevich’s in a technical area of which we were unaware. The crowning achievement
was when one of us found a Sliepcevich published table of imaginary Bessel functions.
Dr. Sliepcevich received numerous awards during his illustrious career, most notably the
ASEE Curtis W. McGraw Research Award, and he was inducted into both the National
Academy of Engineers and the Oklahoma Hall of Fame. He died in October of 2009.
Sliepcevich’s Macroscopic Derivation
Early in his career, G. G. Brown published a detailed treatise of chemical engineering
thermodynamics in the transactions of the American Institute of Chemical Engineering
(AIChE) specifically discussing the differences and relative merits of microscopic
analysis versus macroscopic analysis (Brown, 1938). Near the end of this extensive
article (67 pages), Brown discuss the concept of the availability of energy and its
relationship to non-equilibrium processes. He came to essentially the same conclusion as
Onsager in his conclusion of “least dissipation of energy” for irreversible processes. It is
interesting to speculate on whether Onsager and Brown carried on a discussion on this
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subject or not, but, basically, they concur on the validity of equation (3) above, namely
that the rate of entropy production is equal to the scalar dot product of the fluxes, Ji , and
the forces, Xi . Dr. Brown’s untimely death in 1957 undoubtedly slowed the progress of
macroscopic irreversible thermodynamics analysis, but the mantel was picked up later by
Brown’s protégé C. M. Sliepcevich upon his appointment as distinguished professor of
chemical engineering at the Oklahoma University (OU). In 1962, this author worked
under Dr. Sliepcevich and submitted unpublished work on the subject as part of the PhD
qualifying examinations at OU (Babcock, 1962). Sliepcevich continued the work with
other graduate students and published his macroscopic derivation of Onsager’s reciprocal
relations by extending the availability of energy concept of Brown (Brown, 1938;
Sliepcevich & Finn, 1963). Central to the derivation is the equating of the product of
temperature and the rate of entropy production to a term labeled "rate of lost work" and
identified by the symbol " lw ."
Any macroscopic irreversible derivation must rely on the postulate of local equilibrium,
which states the following:
For a system in which irreversible processes are taking place, all thermodynamic
functions of state exist for each element of the system. These thermodynamic
quantities for the non-equilibrium (irreversible) system are the same functions of
the local state variable as the corresponding equilibrium thermodynamic
quantities (Fitts, 1962).
Then, under the assumption that lw is a homogeneous function of the second degree in
the driving forces, one can apply Euler’s theorem for homogeneous functions and obtain
for the simplified case of n=2:
2 lw  ( lw/ X 1) X 1  ( lw/ X 2) X 2

(17)

Next, equation (17) is expanded into a truncated MacLaurin series and recognizing that
lw (0,0) = 0 and that lw is always positive so that the derivative evaluated at (0,0) is also
zero, one has the expression



lw  1/ 2( 2 lw/ X 12 )0, 0 X 1  1/ 2( 2 lw/ X 2X 1)0, 0 X 2  X 1 


2


2
2
1/
2(

lw
/(

X
2) ) 0, 0 X 2  1/ 2( lw/ X 1X 2) 0, 0 X 1 X 2



(18)

n

Re-iterating that lw  T SP  T  XiJi and comparing equation (18) to equation (3)
i

allows one to identify the two brackets in equation (18) as J1 and J2 , respectively.
Furthermore, by equation (1), the first and third second order partial derivatives in
equation (18) are recognized as the phenomenological coefficients L1,1 and L2,2 and the
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second and fourth second order partial derivatives are the cross coefficients L1,2 and L2,1.
Since the order of differentiation is immaterial for exact differentials, the cross
coefficients are equal and thus L1,2 = L2,1.
The Controversy
Immediately upon the publishing of the paper by Sliepcevich and Finn (1963), a chorus
of criticism rang out concerning the macroscopic derivation (Mixon, 1963; Duda &
Vrentas, 1964; Andrews, 1964). The criticism focused on two primary contentions:
(1) that the macroscopic derivation only shows that (L1,2 + L2,1)/2 = (L2,1 + L1,2)/2 and
not that L1,2 = L2,1 and (2) that the conjugate choices of macroscopic fluxes have no
physical significance and therefore are of no value. Sliepcevich promptly replied with
some convincing arguments to the contrary (Sliepcevich, Finn, Hashemi, & Heymann,
1964a; 1964b). In a clever demonstration of humor, the authors above signed off on their
last publication (1964b) with a plea for acceptance of the "notation shown below as the
last straw short of capitulation
S H

  Sliepcevich / Finn / Hashemi / Heymann "
H F 
The following year (1965) the AIChE Annual Meeting was held in December at
Philadelphia, Pennsylvania. Primarily through the efforts of Bob Reed, Editor of the
Industrial and Engineering Chemistry Fundamentals journal, a symposium session was
arranged on irreversible thermodynamics and the macroscopic derivation. Dr.
Sliepcevich attended the meeting and debated vociferously a host of his critics for a
considerable length of time to a packed house audience. Dr. Onsager did not attend this
meeting. This author had the pleasure to be the proverbial “fly on the wall” at this
meeting as a brand new assistant professor representing the University of Arkansas. To
this author knowledge, no monograph of the proceedings was ever published from this
symposium and an attendance list was not documented. A search for such documentation
continues.
Comparison of the Two Derivations
Perhaps it is useful to compare the assumptions made and the analogous components of
both derivations because there seems to be subtle and latent similarities. Table 1 below
summarizes the two approaches:
Table 1
Macroscopic Derivation

Microscopic Derivation


n

lw  T SP  T  XiJi (Brown equation)

n

Sp   JiXi (Dissipation of Least Energy)
i 1

i

Postulate of Local Equilibrium

Postulate of Microscopic Reversibility
Einstein’s Theory of Fluctuations

lw is a homogeneous function of degree 2

Expansion in a MacLaurin (Taylor) Series

Expansion in a Taylor Series
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Both sides of the debate argue that their respective choices of conjugate forces and fluxes
are the logical ones and give insight into the irreversible processes they represent. Both
sides argue that their respective derivations are completely rigorous originating from
basic thermodynamic principles. In reality, the derivations are complimentary and
somewhat analogous and support each others claims. Both derivations rely on unproven
postulates as does all of thermodynamics. The controversy seems unnecessary and
contrary to the cause. After the 1965 debate, Dr. Sliepcevich verbally expressed to this
author the opinion that it was useless to try to convince his critics of the validity of the
macroscopic derivation because their minds were closed on the matter. He never
published any additional work on the subject. It is interesting to note that to this author's
knowledge, Onsager never criticized the derivation of Sliepcevich, and Sliepcevich never
criticized Onsager's derivation. It was critics other than Onsager that refused to believe
the macroscopic derivation.

Subsequence Developments
Publications discussing the controversy and the derivations fell silent in the 1960's, but
work has continued in the area of selecting and analyzing various conjugate forces and
fluxes. One such paper is the work of Sun-Tak Hwang from the University of Cincinnati,
Cincinnati, OH (Hwang, 2005). It is interesting to note that Hwang does not reference
any of the macroscopic publications, nor the controversy, but does utilize a combination
of microscopic and macroscopic principles. The primary focus of the Hwang publication
demonstrates the use of a transformation matrix to “symmetrize” a given choice of fluxes
and forces to guarantee the validity of the Onsager relations. He also draws heavily on the
Curie theorem (Curie, 1908) as derived and discussed by De Groot and Mazur (1962).
This theorem, or symmetry principle as labeled by some, states that fluxes and forces of
different tensorial character (rank) do not couple. One example given by De Groot and
Mazur (1962) is that a scalar phenomenon such as a chemical reaction will not couple
with a vectorial phenomenon such as heat transport. The significance of this theorem is
that it restricts the choices of conjugate fluxes and forces that satisfy the entropy
generation relationship, equation (3), and provides guidance in selecting the proper
transformation matrix used by Hwang (2005) to produce a new set of fluxes and forces.
Hwang (2005) enumerates a seven-step systematic approach to selecting proper conjugate
fluxes and forces that are most convenient for experimental verification.
The following quote from the conclusions section of the Hwang (2005) paper deserve
much further investigation because it has the potential for a real breakthrough in analysis
of irreversible processes.
Traditionally, the Onsager reciprocal relationships are assumed to be valid for
linear flux equations and are always subject to experimental verification. The
theoretical justification is based on statistical mechanics as first shown by
Onsager, which dealt with microscopic reversibility. On a macroscopic
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level,….the anti-symmetric parts of the phenomenological coefficients produce
fluxes that cause zero entropy generation. Therefore, we can conclude that the
symmetric part of the phenomenological coefficient matrix is sufficient for giving
a complete description of any irreversible process. (Hwang, 2005)
This is a significant contribution, and as pointed out by Hwang, allows for flexibility in
choosing the conjugate forces and fluxes to accommodate the best physical experimental
design through use of the invariant transformation.

Conclusions
Both the work of Onsager and the work of Sliepcevich demonstrate the need for high
level mathematical analysis in describing irreversible thermodynamic processes,
regardless of whether the microscopic or macroscopic approach is used. This thought is
confirmed by the fact that J. Willard Gibbs, considered the "Father of Thermodynamics,"
was a mathematics professor at Yale University in the late 19th century. It is interesting to
note that Gibbs made numerous contributions to both microscopic statistical
thermodynamics and classical macroscopic thermodynamics with no apparent schism.
Concerning the original questions proposed as to the true discipline of Lars Onsager, it is
this author’s conclusion that Lars Onsager was first and foremost a mathematician, and
his voluminous published works testify to the power of using mathematics to solve
problems of practical nature to the advancement of technology. Most people assume that
Onsager received his Nobel Prize as the result of his reciprocal relations, because this
work is the most widely touted. However, his work on the Ising model for molecular
statistical treatment of phase changes and critical temperature behavior was paramount in
the support of the nomination for his Nobel Prize. The Ising model work employs a very
high level of mathematical analysis resulting in an exact solution of the physical problem.
The work of his classical paper (Onsager, 1944) was not significant in itself but it did
vitalize the work of critical phenomena through out the 20th century. Lars Onsager
constantly demonstrated he was a mathematician solving problems of significant practical
application (Hemmer, Holden, & Ratkje; Domb, Cyril, pp 167-177, 1996).
History has shown that advances in irreversible thermodynamics tend to come in 30 year
intervals. Perhaps the Hwang paper signals the start of a new period of enlightenment of
this subject. Matrix transformation and linear algebra concepts in general are going to be
a key in this future work. The effect of a magnetic field on the reciprocal relations is one
area in need of additional work. It has been demonstrated experimentally that magnetic
fields accelerate the transport of both mass and heat transport in systems subjected to
temperature and concentration gradients.
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Appendix
Summary of mathematical concepts and theorems used in the derivation of Onsager's
relations, reproduced directly from the internet (Wikipedia, 2006)

Taylor Series
In mathematics, the Taylor series of an infinitely differentiable real (or complex)
function f defined on an open interval (a − r, a + r) is the power series

Here, n! is the factorial of n and f (n)(a) denotes the nth derivative of f at the point
a. If a = 0, the series is also called a Maclaurin series.

Euler’s Homogeneous Function Theorem
A function

that is homogeneous of degree has partial derivatives of degree
.
Furthermore, it satisfies Euler's homogeneous function theorem, which states that

Written out in components, this is

Ergodic Theorem
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Consider the "time average" of a well behaved function f. This is defined as the
average (if it exists) over iterations of T starting from some initial point x.

Consider also the "space average" or "phase average" of f, defined as

where μ is the measure of the probability space.
In general the time average and space average may be different. But if the
transformation is ergodic, and the measure is invariant, then the time mean is
equal to the space mean almost everywhere.

Ensemble
In mathematical physics, especially as introduced into statistical mechanics and
thermodynamics by J. Willard Gibbs in 1878, an ensemble (also statistical
ensemble or thermodynamic ensemble) is an idealization consisting of a large
number of mental copies (possibly infinitely many) of a system, considered all at
once, each of which represents a possible state that the real system might be in.
The ensemble formalizes the notion that a physicist can imagine repeating an
experiment again and again under the same macroscopic conditions, but, unable
to control the microscopic details, may expect to observe a range of different
outcomes.
When an ensemble has an infinite number of members, it can be seen as defining
a probability measure on the state space (phase space) of the system. Even though
the dynamics of the real single system (for example, a complete gas of molecules,
or a complete stockmarket) may be uncalculably complex, or stochastic, or even
discontinuous, the average (statistical) properties of the ensemble of possibilities
as a whole may remain well defined, smoothly evolving, or for systems at
macroscopic equilibrium even stationary.

Positive Definite
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Let M be an n × n Hermitian matrix. In the following we denote the transpose of a matrix
or vector a by aT, and the conjugate transpose by a * . The matrix M is said to be positive
definite if it has one (and therefore all) of the following equivalent properties:
For all non-zero vectors
.

we have

Note that the quantity z * Mz is always real.
All eigenvalues λi of M are positive. (Recall that the eigenvalues of a Hermitian matrix
are necessarily real).
The form

defines an inner product on
. (In fact, every inner product on
arises in this
fashion from a Hermitian positive definite matrix.)
All the following matrices (the leading principal minors) have a positive determinant
(the Sylvester criterion):






the upper left 1-by-1 corner of M
the upper left 2-by-2 corner of M
the upper left 3-by-3 corner of M
...
M itself

Analogous statements hold if M is a real symmetric matrix, by replacing
the conjugate transpose by the transpose.
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